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1 Probit Model

The pro bit model is used to solve binary response probleat jghit can have only
two possible outcomes which we will denote as 1 and 0.

v 1 with probability P
~ 10 with probability 1 — P

The probit model rises wheR is specific to be given by the normal cumulative
distribution function evaluated &7 3. ThatisP = ®(X'3).

PY =1|X)=®(XTp)

where( are coefficient factors, which are also model parameterstimate. The
curves of the normal cumulative distribution function anewn in Fig??

It is also possible to motivate the probit model as a latentisée model which
is often used to derive Gibbs sampling. Suppose there exiauagiliary random
variable

V*=X"B+e

wheree ~ N(0,1). ThenY can be viewed as an indicator for whether this latent

variable is positive:

1ifY* >0

Y = 1 * ==
{y=>0} { 0 otherwise
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Figure 1: The curves of normal CDF

The use of the standard normal distribution causes no logertdrality com-
pared with using an arbitrary mean and standard deviatioause adding a fixed
amount to the mean can be compensated by subtracting theasaoumt from the
intercept, and multiplying the standard deviation by a fimadount can be com-
pensated by multiplying the weight by the same amount.

To see the two models are equivalent,

P(Y=1|X) = P{Y*>0)=PX'3+e>0)
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2 MLE for Probit model

For NV observationgy;, z; } Y., the likelihood function is

N
L=][rra-ry



wherez; is a feature vector for thigh observationg are coefficient factors, which
are also model parameters to estimate. Then the likelihaoctibn can be rewrit-
ten as follows.

N

P(Y|X,B) = [[ @Gl (1 - o] )

i

The log-likelihood is

N
=InL=3" [in@(/5)+ (1 —y) (1~ 2 5)

Now, the first order conditions arising from EqR? are nonlinear and non-
analytics. Therefore, we have to obtain the ML estimatesgusumerical opti-
mization methods, e.g. gradient descent, the Newton-Rapingthods.

Note
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o(x) = /_ Vlz_ﬂexp(—j)dx
J@) = —wol)

O(—z) = 1—P(x)
Then, we have
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It can be shown that this log-likelihood function is glolyationcave in ?, and
therefore standard numerical algorithms for optimizatwat converge rapidly to

the uniqgue maximum.
Gradient Descent

Newton’s M ethod
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3 Gibbs Sampling for Probit model

Gibbs sampling of a probit model is possible because regressodels typically
use normal prior distributions over the weights, and thiriiution is conjugate
with the normal distribution of the errors (and hence of taeeiht variablesY*).

The model can be described as

B~ N(bg,By)
yilxi B~ N(xIB,1)

_ lify: >0
gi = 0 otherwise
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For gibbs sampling, we have to calculate the conditionabalodity.

p(yIx,B) = p(yilxi, B)
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p(8) = (2m) % [Bo| % exp{~3 (8 — bo) B (6 — bo))



p(Bly*,x) o p(y*lx, B)p(B)
N

x [Bol Fexp{—5 D (7 —xT8)* ~ (8~ bo) "By (5 b))
=1
N

x [Bo| 2 exp{—% > [ = 2y B+ xi B 8] — %(5 ~bo)" B! (8~ bo)}
=1

N N
U P 1 1 .
oc [Bo| 72 exp{5 > 2yix{ B - 3 > oxipxl 8- G bo) By (8 — bo)}
i=1 i=1

N
1 1 _ -
< [Bo| 7% exp{; <§ 2yixi B = Blxix! B — BBy 5+ 257 By 1b0> }

1 1=1

N
> oixl - BT xx] 8- BTB B+ 2/3TBO—1bO> }

1 i=1

N
D 2yixl8— BT xix] + BB+ 2BTBO‘1b0> }

1 i=1

N
267> yixi + By 'bo) - ﬁTB‘1ﬁ> }

i=1

N
(Z 2y;x; B— BB+ 25TBalbo> }

N
26"B7'B(Y_ yix; + By 'bo) — ﬁTB‘lﬁ) }

i=1

i=1
Then the conditional probability ¢f is

N

B~NB(_ yixi+B;'bg),B)

i=1



p(yly™, B,x) o p(yly™)p(y*|B,%)
N

oy Hp(yi!yf)/\f(yf!x?ﬂ,l)
) lN X
o H 1{y;20}/\/(y2k’x?571) H 1{y;<0}N(y§k’X?ﬁ71)
i=1gi=1 i=1,9i=0
N N
< [T M@isn [[ N @ixs1
i=1,gi=1 i=1,9:=0

Thus, the gibbs sampling
N
B = O xx/ +ByH)™!
=1

N
Bly* ~ N(B(Y yixi + By 'bo)
i=1

vilyi = 0,xi,8 ~ N™(yf|x] 8,1)
yﬂylzlvxlvﬁ ~ N+(y:|xf571)
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